Thermal one- and two-graviton Green's functions in the temporal gauge by Brandt, F T et al.

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2of temporal gauges. We will also illustrate the basic approach with the simplest one-loop calculation, namely the one-
graviton function (tadpole). In section III we describe how the thermal graviton self-energy can be split in two parts.
The rst part arises from the on-shell poles of thermal graviton, and it is expressed in terms of forward scattering
amplitudes, while the second part is generated by poles in the complex energy plane which are characteristic of the





and logT contributions. In section IV we explicitly calculate the contributions from the prescription poles and
compare the results with the high temperature limit of the forward scattering expression. We will discuss our results
in section V.
II. LAGRANGIAN, FEYNMAN RULES AND BASIC DEFINITIONS
The graviton eld, 













Here G is Newton's constant and g




























































It is clear from the previous expressions that the Einstein Lagrangian is an innity series in powers of  (an innity
number of terms arises both from the inverse metric g

and from the determinant g). Each power 
n
will come
out multiplied by a combination of tensor scalar products of n tensor elds  and two derivatives @. Performing a
systematic expansion in powers of the coupling constant , it is straightforward to obtain the tree-level Feynman rules
corresponding to the terms which are quadratic, cubic, etc [27]. Before we show the explicit form of these vertices, let
us recall that the invariance of the Einstein action under general coordinate transformations (gauge transformations)
imply the existence of Ward identities relating all the vertices down to the quadratic term (see the appendix A).
The identity given by Eq. (A10) shows explicitly the usual problem of inverting the free quadratic part of a gauge
invariant Lagrangian. Following the standard procedure of introducing a gauge xing condition and ghost elds, we



































are the gravitational Faddeev-Popov ghost vector elds, n

is the axial vector and  is a constant




























Notice that, unlike Yang-Mills theory, ghosts remain coupled to the gravitons even for the choice  = 0. However,
our explicit calculation will show that the decoupling occurs when the loop integrations are performed.
We have now all the basic ingredients to perform perturbative calculations in thermal gravity. The graviton
propagator can now be obtained inverting the quadratic term of L + L
fix
. Our choice of gauge xing is such that
even the bare graviton propagator is already dependent on fourteen independent tensors as shown in table 1 (we will
employ this same basis in order to obtain the tensor structure of the thermal self-energy) [28]. Using this tensor basis

























































































are convenient linear combinations of the tensors in Table I. As we can see the graviton propagator has the usual
poles at k
2
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FIG. 1: Diagrams contributing to the one-graviton function in the one-loop approximation. The curly lines represent gravitons
and the dashed lines represent ghosts.
V
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+symmet: on (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 $ )g
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; ; ); (k
3
; Æ; ); (k
4
; ) : (2.9)
We have veried that these vertices are in agreement with the Ward identities described in the Appendix A.


















































) + $  ; (2.11)
respectively.
A. The one-point function
In order to introduce our notation and the basic method of calculation we will rederive here the result for the
thermal one-point function. The one-point function is interesting by itself, since it is directly related to the energy
momentum tensor derived from the eective action [2]. It also provides the simplest non-trivial example of a one-loop
calculation in gravity. Indeed, in contrast with the zero temperature case, the nite temperature one-point function
is non-zero, being exactly proportional to T
4
. For that reason it will play an important ro^le in the Ward identities
obeyed by the hard thermal loop Green's functions.
The relevant diagrams are shown in the Fig. I. Using the imaginary time formalism [17] the Eqs. (2.10) and (2.11)


















= 2 i n T ; n = 0;1;2; : : :: (2.12)


















































5In general, the vacuum part of the amplitudes (terms which arise from the factor 1=2 inside the round bracket of Eq.
(2.13)) may be divergent in the limit D ! 4 and so the arbitrary dimension D provides a regulator for the vacuum
piece of the thermal Green's functions as usual [21].
The tadpole diagram provides the simplest example of an eective decoupling of the ghost graviton interaction
in the temporal gauge (this is not a trivial property at non-zero temperature). Indeed, substituting (2.13) into Eq.











The contribution from the graviton loop in gure 1(b) is a little bit more involved. After some straightforward



























It is interesting to notice that the gauge parameter  from the graviton propagator has already canceled out at the
integrand level.
Let us now compute Eq. (2.15) with the help of formula (2.13). As in the case of the ghost loop diagram, the
contribution proportional to 

vanishes. The dimensional regularized vacuum piece will also vanish and we are left





























Closing the contour in the right hand side plane the pole at q
0























































































where we have employed the quantity u  (1; 0; 0; 0), which coincides with the vector representing the local rest frame
of the plasma and was introduced in the table I.
III. THERMAL FORWARD SCATTERING CONTRIBUTIONS TO THE GRAVITON SELF-ENERGY
The diagrams which contribute to the graviton self-energy are shown in gure 2. The relevant Feynman rules for
the propagators and vertices are all given in the previous section. Let us rst consider the ghost loop diagram shown
in gure 2(a). As we can see from the structure of the ghost propagator in Eq. (2.10) the integrand will involve a




[(k+ q)  u]
n
; m; n = 0; 1; 2: (3.1)
Before trying to perform the loop momentum integrations explicitly it is convenient to simplify the integrand using















FIG. 2: Diagrams contributing to the graviton self-energy. The curly lines represent gravitons and the dashed lines represent
ghosts. The external momentum k is inward.
we have found that using a partial fraction decomposition of the quantities shown in Eq. (3.1) and a shift q ! q   k
in the resulting partial fractions containing powers of [(q + k)  u]
 1




























































































































































































































































































































































































This procedure (partial fractions and then shifts) has been employed previously in the case of the Yang-Mills theory
[16]. In contrast with the present thermal gravity result given by Eq. (3.2), the axial gauge Yang-Mills ghost loop
vanishes at the integrand level.
Let us now consider the diagrams shown in gures 2(b) and 2(c). An important dierence between these diagrams
and the ghost loop is that while the ghost loop contains only the poles at q
0
= 0, the structure of the graviton
propagator in Eq. (2.7) is such that there are also the usual simple poles in the right hand side plane located at
q
0






for the diagram in gure 2(b) and at q
0
= j~qj for the diagram in gure 2(c) (notice
that k
0
is an imaginary quantity at this stage of the calculation). In order to use the contour method of integration




















With this prescription the temporal gauge poles are moved away from the imaginary axis and we are allowed to
employ the formula (2.13). The q
0
integral can then be performed closing the contour of integration in the right hand
side of the q
0
plane, as we did in the previous section in the case of the one point function. The contributions from
the prescription poles located at q
0
=  will be analyzed in the next section.
We now follow the steps explained in the Appendix A of Ref. [16]. Basically this consists in the use of Eq.













we perform the shift ~q ! ~q 
~
k and use the property
coth(x + k
0


























µ µ µν ν νk, −k,−k, k, k, −k,
++
q+kq q q qq−k q q












7where the factor 1=2 in front of the curly brackets takes into account the symmetry of the graphs in Figs. 2(b) and
2(c). It is understood that the external graviton lines with momentum q are contracted with the tensor given by the
curly bracket of Eq. (2.7).
We remark that the gauge parameter dependence of Eq. (3.4) involves only linear terms in . This can be
understood since the quadratic powers of  which could in principle arise from the propagator in Eq. (2.7) do not
have the on-shell poles. Another interesting property of Eq. (3.4) is that it does not involve thermal ghosts.
The forward scattering expression in Eq. (3.4) is very convenient when considering the hard thermal loop contribu-
tions which arise from the region where the internal momentum q is of the order of the temperature T , which is large




 2 k  q
= 
1




(2 k  q)
2
+    : (3.5)
The leading hard thermal loop contribution is obtained by considering all the integrands which are of degree two in
the internal momenta q. After some straightforward but very tedious algebra we were able to express the leading































































where we have employed the formula (2.18) and q^ have the same meaning as in the Eq. (2.19).
One can easily verify that this leading T
4
contribution is related to the one-graviton function in Eq. (2.19) by the
Ward identity in Eq. (A5) (this result is also in agreement with the calculations performed in the Feynman-de Donder
gauge [2, 4]). Since we expect that the leading T
4
contributions are generated by a gauge independent eective action,
the contributions from the prescription poles in Eq. (3.3) should not modify the leading T
4
behavior. This will be
conrmed by our explicit calculation in the next section.
Let us now consider the subleading contributions which are generated when we expand the integrand of Eq. (3.4)
up to terms of degree zero in q. By power counting these will be of order T
2
. In order to obtain the full tensor













where the tensors T
;
l
are given in Table I. The coeÆcients C
l
















; i = 1; 2; : : : ; 14; (3.8)
where the quantities 
i








; i = 1; :::; 14: (3.9)
Each one of these projections can be expanded using Eq. (3.5). The integrals over the modulus of ~q can be easily
performed using Eq. (2.18) (they yield the T
2
factor) and the angular integrals are all straightforward. Inserting the
results for 
i





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































  1 : (3.11)
There are some properties of the T
2
contributions which are worth stressing. First, the T
2
contributions show their
gauge dependence explicitly through the gauge parameter . Each of these gauge parameter dependent terms have




in the denominators). Secondly, the simple Ward identity satised by the leading T
4
contributions is no longer
true for the sub-leading contributions. In the Appendix B we derive the more general t Hooft identities and we verify






























FIG. 3: The source-ghost diagram. The full/wave line on the left represents the external source.
We have proceed even further with the hard thermal loop expansion of Eq. (3.4) and computed the contributions
from the integrands of degree minus 2 in q. After integration these yield the logT terms. We have veried that the
logT contributions of all the projections 
i
, (see Eq. (3.9)) are simply related to the corresponding projections of
9the ultraviolet divergent part of zero temperature graviton self-energy. The zero temperature results were computed















is the residue of the ultraviolet divergent zero temperature contribution computed in D = 4   2
dimensions. The verication of this property in the case of gravity formulated in the temporal gauge complements
similar results obtained in the Feynman-de Donder gauge [4] as well as in the case of the Yang-Mills theory [16, 23].
Since our calculation has been performed for arbitrary values of , we present complete results in the Appendix C.
IV. THE CONTRIBUTIONS FROM PRESCRIPTION POLES
Let us now consider the terms which arise from the poles located at q
0
= , where  is the quantity introduced in
Eq. (3.3). It is convenient to express these contributions directly in terms of the projections dened by Eq. (3.9).




































































are polynomials in their arguments, and the denominators q
r
0
have been replaced according to the
prescription (3.3). This is the most general form of the integrands from the diagrams with gluon or ghost loops.
Notice that, in particular, the ghost loop expression given by Eq. (3.2) yields, after projection, contributions of the
kind given by the g
r
i
terms above, which contains no on-shell poles.
The parameter  regulates the originally ill dened sums and also makes possible the use of the formula (2.13),
since now the integrand is regular along the imaginary q
0






























































We have employed Eq. (2.14) and so the dimensionally regularized integration of the g
r
i
terms has vanished. This
important property shows how the ghosts are eectively decoupled at nite temperature.
Performing the q
0




































































































An important property of the contribution of the prescription poles is that all the temperature dependence arises only
from the expansions of the hyperbolic cotangent shown above as odd powers of T . Therefore, the results obtained




and log(T ) are not modied by the temporal gauge
prescription.
It remains to be veried that the limit ! 0 is well dened. Our explicit calculations show that the results for all
projections do not involve inverse powers of . Using the symmetry of the angular integrals all the inverse powers of





























































































































All these integrals are regular and can be done. In the Appendix D we show in an explicit example a closed form
result. For i = 8; 10; 11; 12 we obtain 
presc
i
= 0, which is in agreement with the t Hooft identity given by Eq. (B5).
We also show that 
presc
i
= 0 for i = 7; 9; 13; 14 Though the non-vanishing integrals (i = 1; 2; 3; 4;5; 6) introduce an
extra temperature dependence, it is clear that they do not change the behavior of the hard thermal loop expressions
obtained in the previous section.
V. DISCUSSION
In this article we have explicitly computed the thermal one- and two-graviton functions in the temporal gauge.
We have applied Leibbrandt's [14] prescription to deal with the temporal gauge poles at nite temperature. This
calculation provides a rather non-trivial explicit verication of the gauge invariance properties of the hard thermal
loop contributions. Indeed, the leading T
4
behavior is in agreement with previous calculations in covariant gauges.
The subleading contributions of order T
2
have a gauge dependence in agreement with the t Hooft identities. We
have also compared our logT contributions with the residue of the ultraviolet pole of the dimensionally regularized
zero temperature graviton self energy, given in Ref. [8], and found that they are the same (this property has also
been veried in the Feynman-de Donder gauge [4]). Our results include also the full gauge parameter dependence, as
shown in the Appendix C.
Our explicit calculation indicates that the temporal gauge may be consistently employed even in the highly non-
trivial case of thermal gravity. The form of the prescription poles in Eq. (3.3) do not change the hard thermal loop
behavior of our main result given by Eq. (3.4). An important property of this forward scattering amplitude is that,
as opposite to the covariant gauges, it does not involve thermal ghosts and the gauge parameter dependence is linear
in .
Finally, it would be interesting to investigate how the T
2
contributions would aect the properties of wave prop-
agation in a graviton plasma [2]. It may be that, similarly to what happens in QCD (see for instance Ref. [24] and
references therein), the gauge parameter dependence would not be so strong in the class of temporal gauges.
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APPENDIX A: WARD IDENTITIES
In this appendix we derive the identities which must be satised by the vertex functions generated from an action
which is invariant under coordinate transformations. These identities provide an important consistency check of the
gravitational Feynman rules as well as the leading high temperature thermal Green's functions.












(x) = 0: (A1)






































































































































































































































































































































































and the vertices V
n
are the momentum space expressions for the n-th functional derivatives computed at 

= 0
(momentum conservation is understood in all identities).
In the case of a tree-level action there is no one-point \vertex" V
1














) = 0: (A10)
This may not be the case for an eective gauge invariant Lagrangian. Indeed, it is well know that the one-graviton
function is non-zero at nite temperature.
APPENDIX B: GRAVITATIONAL T HOOFT IDENTITIES
The imaginary time formalism at nite temperature follows closely the corresponding formalism at T = 0. Conse-
quently, the t Hooft identities at nite T would be identical to the ones at T = 0, if there were no 1-particle tadpole
contributions (such terms vanish at T = 0 in the dimensional regularization scheme). However, since the tadpole is
exactly proportional to T
4
, it will not aect the identities involving the sub-leading contributions. To derive these,






























denotes the tree order quadratic term plus the sub-leading contributions to the graviton 2-point function
and X
 
represents the tensor generated by a gauge transformation of the graviton eld which is given to lowest
order, in the momentum space, by Eq. (A8). J

is an external source, 

represents the ghost eld and    stand
for terms which are not relevant for our purpose. The t Hooft identity involving the graviton self-energy function is
















































(k) = 0 : (B5)












= 0 and so these
projections have a temperature behavior which is at most proportional to T
4
.
In order to verify (3.12) we need to calculate the tensor 
(1)

which appears in (B4). In this way we need the

















































+ $  (B7)













































































TABLE II: 10 independent tensors base










































































































yields Eq. (B9) with opposite sign in complete agreement with Eq. (3.12).
13
APPENDIX C: THE log T CONTRIBUTIONS FOR ARBITRARY VALUES OF 
In this appendix we complement the result presented in Eq. (3.13) and include the contributions proportional to












































































































































































































As an example of the calculation shown in subsection 4.2 we will calculate a contribution of the prescription poles
for the projection 
presc
6


























+ (5   2D) k
4
0































































+ (5  2D) k
4
0












































































































































and we have performed a shift ~q ! ~q  
~

































are obtained in a similar way and we nd that















we have more involved expressions
containing inverse powers of T as in Eq. (4.5).
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